ON CEGRELL'S CLASSES OF m-SUBHARMONIC FUNCTIONS 
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Abstract. We study finite energy classes of m-subharmonic functions which 
generalise Cegrell's classes for plurisubharmonic functions [5]. We then use 
a variational method inspired by [4] to solve the degenerate complex Hessian 
equation (dd c tp) m A /3 n_m = ^ where fi is a positive singular Radon measure. 
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1. Introduction 

Let be a bounded domain of C™ and m be an integer such that 1 < m < n. 
We consider complex m- Hessian equations of the form 

(1.1) (dd c <p) m A f3 n - m = m, 

where j3 := dd c \z\ 2 is the standard Kahler form in C™ and \i is a positive Radon 
measure. 

The border cases m = 1 and m — n correspond to the Laplace equation which 
is a classical subject and the complex Monge- Ampere equation which was studied 
intensively recent years by many authors. 
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As complex Monge- Ampere equation, the complex m-Hessian equation is ellip- 
tic when restricted to m-subharmonic functions. Nevertheless, due to a lack of 
positivity the complex m-Hessian equation is much more difficult to handle. 

The complex m-Hessian equation was first studied by Li [19]. He used the 
well-known continuity method to solve the non-degenerate Dirichlet problem for 
equation (1.1) (where the data is smooth and we seek for smooth solutions) in 
strongly m-pseudoconvex domains. One of its degenerate counterparts was studied 
by Blocki [3] . More precisely, he solved the homogeneous equation with continuous 
boundary data and developed first steps of a potential theory for this equation. 
Recently, Abdullaev and Sadullaev also considered m-polar sets and m-capacity for 
m-subharmonic functions [26]. When the right-hand side y, has density in L p (fl) 
(p > n/m) Dinew and Kolodziej proved that given a continuous boundary data, 
the Dirichlet problem of equation (1.1) has a unique continuous solution [7]. The 
Holder regularity of the solution has been recently studied by Nguyen Ngoc Cuong 
[23]. He also showed how to lead to solutions from subsolutions [22]. A viscosity 
approach to this equation has been developed in [21] which generalise results in [29] 
and [9]. 

The correspondent complex m-Hessian equation on compact Kahler manifolds 
has been studied by many authors including the author of this paper. It has the 
following form 

(1.2) {Lo + dd c ip) m Au n - m = fu) n , 

where [X, w) is a compact Kahler manifold of dimension n and 1 < m < n. This 
is a generalisation of the well-known Calabi-Yau equation [27]. Due to a lack of 
positivity the proof of Yau's Theorem can not be copied. 

When / > is a smooth function satisfying the compatibility condition J x fui n — 
J x ui n , Dinew and Kolodziej recently proved that (1.2) has a unique (up to additive 
constant) smooth solution. This had been known to hold when to has non-negative 
bisectional curvature (see [13], [15]) or even restrictive classes of Kahler manifolds 
[17]. 

When < / <E L p (X,Lu n ) for some p > n/m, Dinew and Kolodziej recently 
proved that (eq: heq kahler) admits a unique continuous weak solution. The result 
also holds when the right-hand side / = f(x, (p) depends on the unknown [20]. 

The real Hessian equation is a classical subject which was studied intensively 
recent years. The reader can find a survey for this in [28]. It has been warned that 
real and complex Hessian equation are very different and direct adaptation often 
fails [7]. 

In this paper, we develop next steps of a potential theory for the complex m- 
Hessian equations in C™ . We follow Cegrell [5] to define classes of finite energy of 
m-subharmonic functions. As any one who is working on this subject may easily 
recognise, our results are easy generalisations of classical results of Cegrell. 

The paper is organised as follow. In section 2, we recall basic facts about m- 
subharmonic functions and the complex m-Hessian operators. The proof of these 
facts can be found in [22], [23], [26] or in [16] modulo some easy modifications. In 
section 4, we study finite energy classes of m-subharmonic functions inspired by 
[5, 6]. In section 5, we use a variational approach inspired by [4] (see also [1]) to 
solve equation 1.1 with a quite singular right-hand side. 
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2. Preliminaries 

In the whole paper, f3 denotes the standard Kahler form in C", and fi is 
a bounded m-hyperconvex domain in C™, i.e. there exists a continuous m- 
subharmonic function <p : — > a~ such that {tp < c} <s f2, for every c < 0. The 
results in this section can be proved similarly as in the case of plurisubharmonic 
functions (see [16], [18], [22, 23], [26]). 

2.1. Elementary symmetric functions. Let Sk, k = 1, n be the fc-elementary 
symmetric function, that is, for A = (Ai, A n ) G M. n , 

Sk(X) = ^ A n A 42 ...X ik . 

l<H<Z2<...<Zfc<n 

For convenience, we set S'o(A) = 1 and <Sfc(A) = 0iffe>norfe<0. We have the 
following identity 

n 

(Ai + t)...(x n + t) = J2 s k (X)t n - k : t g a. 

fc=0 

We denote Tk the closure of the connected component of {S'fc(A) > 0} containing 
(1, 1). We can show that (see [10]) 

T k = {A e 1™ / S k (Xi + t, A„ + 1) > 0, Vt > 0}. 

Thus it follows from the identity 

TO / 7 \ 

s m (A! + 1, \ n + 1) = ( _ k \s k {\)t m -\ t e a 

that 

T fc := {A G a" / Sj{\) > 0, VI < j < k}. 
We have an obvious inclusion r n C ... C Tj. By Garding [10] the set Tk is a convex 

l/k 

cone in a" and S k is concave on Tk- 

We denote by % the vector space (over a) of complex Hcrmitian nxn matrices. 
For A G H we let X(A) = (Ai, A„) denote the eigenvalues of A. We set 

5 fc (A) = S k (X(A)). 

From the identity 

n 

det(A + tI) = J2Sk(A)t n - k , teR 

k=0 

it follows that the function Sk can be seen as the sum of all principal minors of 
order fc, 

Sk(A) =J2 A "- 
|i|=fc 
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Thus Sk is a homogeneous polynomial of order k on T~L which is hyperbolic with 
respect to the identity matrix / (that is for every A £ S the equation Sk{A + tI) = 
has n real roots; see [10]). As in [10] (see also [3]) we define the cone 

f t :={AgH / S k (A + tI) > 0,Vi > 0}. 

We have 

r fc := {A e H I X(A) e T k }. 
It follows from [10] that the cone T k is convex and the function Si is concave on 
f fe . 

2.2. m-subharmonic functions and the Hessian operator. We associate real 
(l,l)-forms a in C" with Hermitian matrices [a^] by 

a = — a-jkdzj A dz k . 

Then the canonical Kahler form j3 is associated with the identity matrix I. It is 
easy to see that 

(j^Ja k A(3 n - k = S k (A)f3 n . 

Definition 2.1. Let a be a real (1, l)-form on f2. We say that a is m-positive at 
a given point P € Q if at this point we have 

a? /\/3 n - j > 0, Vj = l,...,k. 

a is called fc-positive if it is fc-positive at any point of fi. 

Let T be a current of bidegree (n — k,n — k) (fc < m). Then T is called m-positive 

if 

ai A ... A a k AT > 0, 
for all m-positive (1, l)-forms a%, ...,ak- 

Definition 2.2. A function u : fl — > R U {— oo} is called m-subharmonic if it is 
subharmonic and 

dd c u A a x A ... A a m _i A (i n ~ m > 0, 
for every m-positive (1,1) forms ai, a m _i. The class of all m-subharmonic func- 
tions in f2 will be denoted by SH m (ty- 

Proposition 2.3. [3] (%) If u is C 2 smooth then u is m-subharmonic if and only if 
the form dd c u is m-positive at every point in fl. 

(ii) If u,v G S?i m (£l) then Xu + jj/u G iS% m (f2), VA, /j > 0. 

(Hi) If u is m-subharmonic in D, then the standard regularization u*Xe are a ^ so 
m-subharmonic in fl e := {x G Q / d(x,dfl) > e}. 

(iv) If (ui) C STL m (Q) is locally uniformly bounded from above then (supu;)* £ 
ST-L m (fl), where v* is the upper semi continuous regularization of v. 

(v) PSH = V n C ... cTx = SH. 

(vi) Let ^ U C f2 be a proper open subset such that dUCiCt is reltively compact 
in fl. If u G P m (fl), v € SH m (U) and limsup x ^ y v(x) < u{y) for each y G dU Rfi 
then the function w, defined by 

_ ( u on n\U 
I max(u, v) on U ' 

is m-subharmonic in f2. 
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For locally bounded m-subharmonic functions ui, u p (p < m) we can inductively 
define a closed m-positive current (following Bedford and Taylor [2]). 

Lemma 2.4. Let Ui, Ufc(fe < m) be locally bounded m-subharmonic functions in 
f2 and let T be a closed m-positive current of bidegree (n — p,n — p) (p> k). Then 
we can define inductively a closed m-positive current 

dd c Ui A dd c u 2 A ... A dd c u k A T, 

and the product is symmetric, i.e. 

dd°U\ A dd c u 2 A ... A dd c u p AT = dd c u a ^) A dd c u a ^) A ... A dd c u a ( k) A T, 

for every permutation a : {1, k} — > {1, fc}. 

In particular, the Hessian measure of tp E <S"% m (fi) R is defined to be 

H m {u) = (dd c u) m A/3™-"\ 

Proof. See [26]. □ 

Proposition 2.5. Let T be a closed m-positive current of bidegree (n — l,n— 1) 
on f2. Lef u, u 6e bounded m-subharmonic functions in Q, such that u,v < and 

lim u(z) = 0. 

T/ien one /ias 

(2.1) / vdd c uAT< / udd c vAT. 

Jn Jn 

If we assume moreover that 



lim viz) = 0, 



i/ien in (2.1 ), the equality holds 



vdd c uAT= \ udd c vAT. 

Proof. The proof is an easy adaptation from the classical case (see [22, 23]). □ 

Proposition 2.6 (Chern-Levine-Nirenberg inequality). Let K g D <s f2 wzi/i if 
compact, D open. Then there exists A > swc/i i/iai 

||dd c m A ... A dd c u fc A T\\ K < A.\\u 1 \\ L o 0(D) ...\\u k \\ L ~ iD) \\T\\o 

and 

|| W dd c mA...Add c Ufc Ar|| A -< A|| Ml || L oo (Z5) ...|| Ufe || L oo (D) f \v\TAf3?, 

J D 

for each m-subharmonic function v which is integrable with respect to a closed 
m-positive current T of bidegree (n — p,n — p) (p > k), and all locally bounded 
m-subharmonic functions u\,...,Uk- 

Theorem 2.7. Let (uq), ■■■( u k) be decreasing sequences of m-subharmonic functions 
in converging to uq, ..., Uk S SH m (Q) R Lf£ c respectively. Let T be a closed m- 
positive current of bidegree {n — p, n — p) (p > k) on £1. Then 

u J .dd c u{ A ... A dd c u{ A T u .dd c ui A ... A dd c u k A T, 

weakly in the sense of currents. 
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2.3. The relative m-capacity. One of the most important properties of m- 
subharmonic functions is the quasicontinuity. Every m-subharmonic function is 
continuous outside an arbitrarily small open subset. The m-capacity is used to 
measure the smallness of these sets. As in the case of plurisubharmonic functions, 
the convergence in L] oc is not sufficient to deduce the convergence of the Hessian 
operator. We will see that the convergence in m-capacity is "good enough" for our 
purpose. 

Definition 2.8. Let E C CI be a Borel subset. The m-capacity of E with respect 
to CI is defined to be 



Remark 2.9. By Chern-Levine-Nirenberg inequality, Cap m (K, CI) is finite for any 
compact K is Cl. Moreover, Cap m (E,Cl) > C J E dX n , where C is a constant de- 
pending on n and the diameter of Cl and A„ is the volume form in C n . 

The m-capacity shares the same elementary properties as CapsT- 

Proposition 2.10. i) Cap m (Ei , £2) < Cap m (E 2 ,Cl) if E\ C E 2l 
ii) Cap m (E, Cl) = lim^oo Cap m (Ej,Cl) if Ej t E, 
lii) Gap m {E, CI) < £ Cap m {Ej,Cl) for E = UEj. 

Proposition 2.11. Let K <s= U g CI. Then there exists a constant C depending on 
these sets such that for any u G SH m (Cl), u < 0, we have 



Definition 2.12. A sequence Uj of functions defined in CI converges in m-capacity 
to u if for any t > and K <e CI one has 

lim Cap m (K n {\u - Uj\ > t}) = 0. 



The following results can be proved by repeating the arguments in [18]. 

Proposition 2.13. A sequence uj G STi m (Cl) Pi Lf£ c with Uj 4 u in CI converges to 
u G S1-L m {Cl) n Lf£ c with respect to m-capacity. 

Theorem 2.14. For an m-subharmonic function u defined in CI and a positive 
number e one can find an open set U C CI with Cap m (U,Cl) < e and such that u 
restricted to Cl\U is continuous. 

Theorem 2.15. Let {u J k }°^ 1 be a locally uniformly bounded sequence of m- 

subharmonic functions in CI for k = 1,2, N < m and ietu{ t u k g sn m (tyr\L% c 
almost everywhere as j oo for k = 1, 2, N. Then 




Cap m (Kn{u < -j},Cl) < — H|ii ( m- 

J 

Proof. Fix v G SH m (Cl) with -1 < v < 0. Then by CLN inequalities 




□ 



dd c u{ A ... Add c u J N A /$ 



dd c ui A ... A dd c UN A (3' 



>n~m 
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Corollary 2.16. Letuj be a monotone sequence of locally bounded m-subharmonic 
functions in fl converging almost everywhere to u G S% m (£l) C\L^ C and fj a mono- 
tone sequence of locally bounded m-quasicontinuous functions converging almost 
everywhere to a locally bounded quasicontinuous function f. Then 

f ] {dd c u 1 ) m A (3 n - m ->■ f(dd c u) m A [3 n ~ m . 

Proposition 2.17 (Maximum principle). Let il <s C™, u,v G S'H m (Sl) n Lf£ c . 
Then 

Ti{u>v}H m (ma,x(u,v)) = K {u>v} H m (u). 
Corollary 2.18 (Comparison principle). Let u,v G SH m (^) (1 L^ c such that 

liminf(u(z) — v(z)) > 0. 



Then 



f (dd c v) m A /3 n ~ m < [ (dd c u) m A f3 r ' 

J {u<v} J {u<v} 



Corollary 2.19. Let fi be a bounded domain in C™, and u,v G 5H m (51) flL^ c are 
smc/i that u < v on dfi and H m (u) > H m {v). Then u < v inVL. 

2.4. The relative m-extremal function. 

Definition 2.20. For a subset £ of a domain VL C C" we define the relative 
m-extremal function by 

u m ,E,n — u m ,E ■— sup{u G SHmi^l) I u < 0, and u < -1 on E}. 

It is easy to see that u* m E n is m-subharmonic in fi. If there is no confusion we 
will use the notation ue and u* E instead of u m ,E,Q. and u* m E . 

Proposition 2.21. i) If E\ C E 2 then ue 2 < ue 1 - 
ii) If E c fii C ^2 i/ien u E ,n 2 < ue,^- 

Hi) If Kj I K, with Kj compact in ft then (limu^. n )* = u* K n . 
Lemma 2.22. Let < r < R and set a = — > 1. The m-extremal function 

U : = U m,B(r),B(R) 18 5 WCT1 h V 

ft2-2a _ || z ||2-2a 



M (z)=max( r2 _ 2a _ Z R2 _ 2a 



Proposition 2.23. If E is a relatively compact subset of Q, then at any point 
w G dfl one has 

lim u m . E .n{z) = 0. 

z— >w 

Proposition 2.24. Let K C O be a compact subset which is the union of closed 
balls, then u* K = uk is continuous. In particular, if K C ft is an arbitrary compact 
set and e < dist(K,dfl), then ux e is continuous, where 

K e = {z en I dist(z,K) < e}. 

Definition 2.25. An m-subharmonic function u : Q — > R is m-maximal if for any 
open relatively compact subset G (e £1 and any upper semicontinuous function v in 
G, v G SH m (G) and v < u on dG then v < u in G. 
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It follows from the comparison principle that every locally bounded m- 
subharmonic function u satisfying H m (u) — in ft is m-maximal. Conversely 
any m-maximal function u in SI satishes H m (u) = 0. 

Proposition 2.26. [3] Let ft be an open subset of C™ and u is an m-maximal 
function in ft. Then H m (u) = 0. 

Proposition 2.27. If K C ft is compact, then u* m K n is m-maximal in ft\K. 

Theorem 2.28. Let K C ft be a compact subset, set u — u m k n the relative 
m-extremal function. Then 



Cap m {K,ft) = / H m (u*). 

Moreover, if u* > —1 on K then Cap m (K,Q) = 0. 

Corollary 2.29. If U is an open relatively compact subset o/f2, then 

Cap m (U,tt) = / H m (u m ,u,u)- 

In the following example we compute the m-capacity of the balls. 
Example 2.30. For every < r < R we have 

2 n (n — m) 



Cap m (B(r),B(R)) 



Definition 2.31. Let f2 be an open set in C™, and let U C S% m (Q) be a family 
of functions which is locally bounded from above. Define 

u{z) = sup{i;(2:) / v G U}. 

Sets of the form M = {z 6 Q, / u(z) < u*(z)} and all their subsets are called 
TO-negligiblc. 

Definition 2.32. A set E C C" is called m-polar if for any z £ E there exist 
a neighbourhood V of z and v G SH m (V) such that E n V C {v = -co}. If 
E C {v = — oo} for some v £ S'H m (C n ) then E is called globally m-polar. 

Theorem 2.33. A subset E of C n is m-negligible if and only if it is m-polar. 

Proposition 2.34. If ft is an open subset of C n and u £ SH m (fl) n L^ c (Vt) then 
for any m-polar subset E C ft one has 

H m (u)=0. 

E 

Theorem 2.35. E is an m-polar set if and only if there exists u £ SH m (C n ) such 
that u = —oo on E. 

3. Finite energy classes of Cegrell type 

In this section we study finite energy classes of m-subharmonic functions in 
m-hyperconvex domains. They are generalizations of Cegrell's classes [5, 6] for 
plurisubharmonic functions. 



3.1. Definitions and properties. In pluripotential theory one of the most im- 
portant steps is to regularize singular plurisubharmonic functions. It can be easily 
done locally by convolution with a smooth kernel. The following theorem explain 
how to do it globally in m-hyperconvex domain. Let <SW~ (f2) denote the class of 
non-positive functions in ST-L m (Q). 

Theorem 3.1. For each ip G SH^Q) there exists a sequence (tfj) of m-sh func- 
tions verifying the following conditions: 

(i) ifj is continuous on Q and tfj = on dQ; 

(ii) each H m (ipj) has finite mass, i.e J„ H m (tpj) < +oo; 
(Hi) <fj \, (f on Q. 

Proof. If B is a closed ball in then by Proposition 2.24 the m-extremal function 
u := u m ,B,n is continuous on f2 and suppH m (u) (e fl. We follow [6, Theorem 2.1]. 
Take a decreasing sequence of positive numbers (rj ) such that 

< rj < dist^u(z) < -2p},dtt)- 

Let ipj be the regularization sequence of tp by convolution with a smooth kernel. 
This sequence is well-defined on 

n 3 := {z G Q : dist(z,dQ) > 1/j}. 

Set 

-(^r p (z) ,P-u( z )) ^ zen rp 



and 



Vp(z) = { ' P 

p.u(z) if z^£l\tt rp , 



tpj := sup v p . 



Without difficulty, we can check that for each p, v p G S% m (Q.) n C(Ct) and v p = 
on dfl. We then deduce that ifj is lower semicontinuous for every j. Furthermore 
by setting 

ipj := max{vj,...,v k -i,v k + -},fc > j, 

we see that ipj 1 ifj when k — > +oo. Since each tp* is continuous, we obtain the 
upper semicontinuity hence continuity of tpj. It is clear that tpj 1 ip on O. □ 

Definition 3.2. We let £® n (£l) denote the class of bounded functions in ST-L m (Vl) 

such that lim w(z) = and [„Hm(<&) < +oo. 
z^an Jil 

For eachp > 0, ^(O) denote the class of functions <p € SH m (&) such that there 
exists a decreasing sequence (ipj) C S^(Q) satisfying 

(i) limj ipj = ip, on Q and 

(ii) sup J / (-(p i ) p iJ m ((p i ) < +oo. 

If we require moreover that sup^ H m (ifj ) < +00 then, by definition, ip belongs 
toJ^(fi). 

Definition 3.3. A function u G SH m (ft) belongs to S m {p) if for each zo G tt, there 
exists an open neighborhood U G il of zo and a decreasing sequence (hj) C £^(^) 
such that ^, u in U and 



sup / H m (hj) < +00. 
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We let J- m (SY) denote the class of functions u G SW m (£l) such that there exists a 
sequence (uj) C £„(^) decreases to u in and 

sup / H m (uj) < +00. 
j Jn 

Remark 3.4. SU~(Sl) n L™ c C £ m (fi). In fact, let u G SH^(fl) and z G 
£?(zo,r) (I f2. Consider the function h :— h mi B,n- We know that h G f^(f2) 
and /i = — 1 in B. For each A > big enough we have max(u, Ah) G £m(^) an d 
max(u, A/i) = u in £?. 

Theorem 3.5. The class £ m (fi) is the biggest subclass of ST~L m (fl) which satisfies 
the following conditions: 

(i) if u G £ m (Q),v G iS%~(fi) then max(u,v) G £ m (f2). 

(m) if u G £ TO (f2),^j G 5'H jn (r2)nL z c ^ c ,Uj J, it, then H m (itj) is weakly convergent. 

Proof. It is clear that £ m (fl) satisfies the condition (i). Suppose that u G 
£ m (il),Uj G S7i m (fl) (~l Lfo c ,Uj i zt. Fix % a test function with compact support 
if (I SI, and ft. G £,^(17). For each j we can find nj such that Uj > nj.h in a neigh- 
borhood of if. By setting ^ := max(itj, nj.h) G £^(£7) we see that ipj : 1 u G £ m (Q), 
and H m (ifj) is weakly convergent to H m (u) by definition of £ m (f2). Observe also 
that Uj = ipj near if. This implies that xH m (uj) - ^ Jq xHm{u) as required. 

Now, assume that /C C SH^Vt) verifies (i) and (ii). Take u G K. We are to 
prove that u G £ m (fi). Let itj be a sequence in 5^,(f2) (~lC(f2) such that Uj i it on f2. 
This can be done thanks to the global regularization theorem. Consider a relatively 
compact B <s f2 and set for each j 

/ij := sup{u G SH m (Q) I v < Uj on B}. 

Then, hj G £„(f^) an d suppH m (hj) C B, for every j. Furthermore, hj -I u on B 
and sup.,- f n H m (hj) = sup^ H m (hj) < +00 since H m (hj) is weakly convergent 
in view of (ii). □ 

Remark 3.6. By Theorem 3.5 each u G £ m (fi) is localy in J-" m (0), i.e, for each 
if <s £1 there exists it G J- m (£l) such that it = u on if . 

Definition 3.7. We define the p-energy (p > 0) of (/? G £^(0) by 

Jn 

We generalize Holder inequality in the following lemma. When m = n it is a 
result of Persson [24] . Our proof uses the same idea. 

Lemma 3.8. Let u,vi, ...,v m G £^(fi) and p > 1. PFe Ziave 

(3.1) [ {-ufdd c v 1 A...Add c v m Af3 n - m < £>,- 1 p(e p (u))5*5e p («i)5*5...e p (t; Tn )5AF 1 
Jo 

w/iere £^1 = 1 and for each p > 1, D J:P :=pP a & , >"0/(p- 1 ) ) tuyere 

/p + 1\ m ~ 2 
a(p, m) = (p + 2) y J 

Proof. Let 

F(u, w m ) = / {-uydd c Vl A...Add c v m A(3 n ~ m , u,v 1 ,...,v m GC(n). 
Jn 
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Thanks to [24, Theorem 4.1] it suffices to prove that 

(3.2) F(u, v, vi,..., v m -i) < a(p)F(u, u, vi, u m _i) ? +1 F(v, v, Vi,..., v m ^ 1 )p+ 1 , 

p 

where a(p) = 1 if p — 1 and a(p) — pp- 1 if p > 1. Set T = dd c i>i A ... A dd c v m -\ A 
/?"-"'. When p = 1, (3.2) becomes 

(-u)dd c v A T < ( / (~u)dd c u Arj 2 ( / {-v)dd c v ATY, 

which is Cauchy-Schwarz inequality. In the case p > 1, we repeat the proof of 
Proposition 2.5 to obtain 



{—u) p dd c v AT <p / {—u) p ~ 1 {—v)dd c u A T. 
Jn 

By Holder inequality we get 

(3.3) / (-u) p rfd c i; A T < p( / (-w) p dd c u AT)~( f {-v) p dd c u A t) : 



'si x Jo 

By interchanging u and w we obtain 



(3.4) / (-v) p dd c w AT<pU {-ufdd c v A r) " ( / (-v) p dd c v A t) ' 
Combining (3.4) and (3.3) we obtain the result. 



□ 



Thanks to Lemma 3.8 we can bound J n (uo) p dd c ui A ... A dd c u m A f3 n m by 
e p (v,j),j = 0, ...,m if p > 1. To get similar estimates when p £ (0, 1) we refer to 
[12]. 

Lemma 3.9. Let u,v £ £^(fi) and < p < 1. If T is a closed m-positive current 
of type T = dd c Vl A ... A dd c v m _ k A /3 n ~ m , where u e SU m {&) n Lj£ c . TAen 

PWW'aT^') / (-iAP(rlrl c <,A k A T -1-9 / (-vXP(rM c v\ k 



(- X )ou(dd c v) k AT = / X '(t)(dd c v) k AT(u<t)dt 

J — OO 

,o 

< 2/ X '{t){dd c v) k AT{u < 2t)dt. 



(-u) p (dd c v) k AT< 2 / (—u) p (dd c u) AT -\- 2 / (—v) p (dd c v) A T. 
Jn Jn 

Proof. We follow the proof of [12, Proposition 2.5]. Set x(*) = -(-t) p : K~ 
and observe that x'(2i) < x'(t), Vt < 0. Then 





\ l I II (!(/' " '" 

Since (u < 2t) d (u < v + t) U (v < t), we get 

(-X) o u (dd^)* 1 AT <2 f x\t)(dd c v) k A T(u < v + t)dt + 2 f (- X ) o v (dd c v) k A T. 

J-oo Jn 

The comparison principle yields 

(dd c v) k A T(u < v + t) < (dd c u) k A T(u < v + t). 

Now, it suffices to note that (u < v + 1) C (u < t) . □ 

li 



Proposition 3.10. Let < p < 1. There exists C p > such that 



< / (-ipofd^ifi A • • • A dd c <p m A /3 n ~ m < C p max e p fa), 

J 0<j<m 

/or allO>(f 0) ...,(f m € £^(ft). 

Proof. By applying Lemma 3.9 with u = ip$, v = ipi and T — dd c ip2 A • • • A dd c (p m A 
pn-m we obtain 



(3.5) / (—Vo) p dd c (pi A T < 2 y (—ipo) p dd c ipo A T 

+ 2 / (—ip 1 ) p dd c (pi AT. 



Next, we can assume that </?o = </?i- Set u = e^™! <£>i, where e > is quite small. 
Observe that 

(3.6) (dd c u) m A p n ~ m > t m dd c i Pl A ■ • • A dd> m A / 3"~ m 

It suffices to get control on J n (—(pi) p H m (u), 1 < i < m to conclude. By using 
again Lemma 3.9 we get 



(-ipi) p H m (u) < 2e p (tpi) + 2e p (u), 

where e p (u) := J n (-u) p H m (u). 

By subadditivity and homogeneity of t i p , we have 



m 

e P (u) <e p T / (-^) p flm(«), 

„■_-, JQ. 



hence 

(3.7) E / (~^) P ^ i — o — p E e *> fo)- 

From (3.5), (3.6) and (3.7) we get 

Am 

(~ip ) p dd c ip 1 A • • • A dd c Vm A /3 n - m < — max e x (<Pi), 

iq e m [l — 2me p \ i<i<m 

from which the result follows. □ 
From Lemma 3.8 and Proposition 3.10 we easily get the following result. 

Corollary 3.11. Let (uj) be a sequence in £^(f2) and p > 0. 7/sup^- e p {uj) < +oo, 
then 

oo 

u = \^2~^Uj belongs to 

3=1 

We are now in the position to prove the convexity of Cegrell' classes. 

Theorem 3.12. By £ we denote one of the classes £^(0), £ m (Q,), J" m (fi), SfJQ), 
J-^ifl), p > 1. They are convex and moreover, if v 6 £ , u € S1-l~ n (fl), u>v, then 
u e £■ 

12 



Proof. The class Let u,v G £^(fi). We claim that 

/ ff m (u + u) = 0, 

for almost everywhere t > 0. In fact, the function /(f) = fi(u < tv),t > is 
decreasing and right-continuous since y, = H m (u + v) is a Borel measure. The fact 
that f(t) < +oo,Vf > follows from the comparison principle as follow: 

f f (1 + t) m 

H m (u + v)= H m (u + v)< ' H m {u) <+oo. 



Therefore, lim t _ >t - /(t) = fi(u < tov) which implies that the set 1^ :— {t > 
/ n{u = tv) > 0} coincides with the discontinuity set of /. The latter being 
a decreasing function, we deduce that 1^ is at most countable. This prove the 
claim. 

Fix such a t > and apply again the comparison principle to obtain 
H m (u + v) = / H m (u + v)+ / H m (u + v) 

Ju~tv<0 Ju—tv>0 



H m (u + v)+ / H m (u + v) 

J (l+t)v<u+v 

^ ^T^/ H m (u) + (l + t) m I H m (v) 

1 J^u<u+v J (l+t)v<u+v 

< (1 i? )m / h ™( u ) + c 1 + *r / < +°°- 

Thus, u + v G £^(f2), from which £°>(S1) is convex. 

Now, assume that m G ^m(^) an d w G ST-L^Vl). Set w = max(u, v). We are 
to prove that H m (w) has finite mass. Fix ft G £„(n) such that — 1 < ft < 0. 
Integrating by parts we get 

hH m (w) > / hH m (u). 



Letting ft 1 — 1 we see that J n H m (w) < J a H m { 



The same arguments can be used to prove the result for the classes 

The class £^(f2). Assume that u,v G £^(0) and Uj,^ two sequences in £^(ft) 
which decrease to u, v respectively and satisfy 



sup max 

3 



( j (-UifHM, J irVifH^Vj)) < +oo. 
We are to prove that 

sup / (—Uj — Vj) p H m (uj +Vj) < +oo. 
3 Jn 

By Holder inequality it remains to get control on the terms 

(- Uj ) p (dd c Uj ) k A(dd c v j ) m - k Ap n ~ m et f (—Vj) p (dd c Uj) k A (dd c Vj) m ~ k A j3 n ~ m . 
n Jo. 

The latter follows from Lemma 3.8 and Proposition 3.10. 
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Now, let u G SH m (ft), v G £m(^) an( I suppose that u > v. Take a sequence 
(u,*) C fm(^) and a sequence (tiy) G HC(f2) such that Uj 4, v, Uj 4- u, Uj > Vj 

and 

supe p (u :) ) < +00. 

3 

If P > 1) Lemma 3.8 gives us 

e p (uj) < / {-Vj) v H m (uj) < C.e^Vj)^ .ep(uj)^ . 



We then deduce that sup^ e p (uj) < +00, and u G £f n {VL). 

If < p < 1, for each j, set /ij = — (— Vj) p . Then /ij is bounded, m-sh and vanishes 
on the boundary. Integrating by parts, we get 



e P (uj) < / (-/ij)-HmK) < / (-h^Hmivj) = ap(vj). 

Combining the two steps above we get the results for J^(fi). □ 

3.2. Definition of the complex Hessian operator. In this section we prove that 
the complex Hessian operator H m (u) is well-defined for all u G £ m (fl) U p >o £f n (Q). 
We first prove that continuous functions in £^(0) can be used as test functions. 

Lemma 3.13. C °°(ft) c £ °(n) n C(fi) - £°,(fi) n C(fi). 

Proof. Fix x G Co°(f2) and > V» G £^(0). We can choose A > big enough such 
that x + A\ z \ 2 i s plurisubharmonic. Take a, 6 G M such that 

a < inf x < sup(|x| + A|z| 2 ) < b. 
a 

Consider 

<pi = max(x + A\z\ 2 - b, Btp)- tp 2 = max(A|z| 2 - b, Btp), 

where B is big enough such that Btp < a — b in supp(%). We can easily check that 
(pi,(fi2 G S^i(n) and x = ¥1 ~ ¥2- □ 

Theorem 3.14. Let u p G £ rn (fl),p = 1, ...,m and (g^j G smc/i that 4- 

u p ,\/p. Then the sequence of measures 

daTg) A dd c g] A ... A dcf 5 ™ A /3™" m 

converges weakly to a positive Radon measure which does not depend on the choice 
of the sequences (<7p- We then define dd c u 1 A ... A dd c u m A j3 n ~ m to be this weak 
limit. 

Proof. Suppose first that sup^- J Q H m {g p ) < +00. Then for each h G £^(0), the 
sequence 

hdd c gj A dd c g) A ... A dd c g™ A /T"" 1 
is decreasing. Moreover, 

hH m (gP) > (inf/i)sup / H m (g P ) > -00. 
n n j Jn 

Thus we see that lirrij f n hdd c gj A dd c g 2 A ... A dd c g™ A /3™~ m exists pour every 

he£^(Q). 
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As consequence, dd c g^ Add c g 2 A...Add c g" 1 A/3" m is weakly convergent. Suppose 



now that (Vj)j are other sequences which decrease to u p ,p — 1, m. We have 
hdd c v) A cMV A ... A dd c v" 1 A p n ~ m 



= / v)dd c hAdd c v 2 A...Add c vf A/3" 
> / u 1 dd c h A dd c Vj A ... A dd c vj l A /3" 



lim / gldd c hAdd c v? A...Add c v? A/3 % 



= lim / u?dd c /i A dcf 3 ! A ... A dcf < l A /3"~ m > ... 

> lim lim ... lim / hjdd c gl A dd c g 2 A ... A dd c g™ A /3"" m 

s±— >-\-oc S2^-+oo s m — >+oo 12 m 

= lim / hdd c glAdd c g 2 s A...Add c g s m Ap n - m . 

From this we deduce that linx,- J n hdd c vj A dd c v 2 A ... A dd c vj l A j3 n ~ m exists and 
the limit is not less than 

lim / hdd c g) A dd c g 2 A ... A dd c g 7n A (3 n ~ m . 

By interchanging the role of g p and v p ) we obtain the equality. 

It remains to remove the hypothesis sup^ J Q H m (g p ) < +00. Without loss of 
generality we can assume that g p are continuous. Let if be a compact subset of Q. 
We cover K by W q , q = 1,...,N and fix (h P9 )j,p = l,..,m;q = 1,..,N sequences 
which converge to u p in W q as in the definition of £ m {Q). Set w P := J^i hf . 
We can rearrange the sequence h pq such that w p < g p on \J q W q . It is clear that 
w p e £m(^) an d su Pj JnHmi'Wj) < +00. By setting v p — ma,x(g p ,w P ), we get 
sup,,- J n H m (Vj) < +00 and v p = g p near K. This completes the proof. □ 

Corollary 3.15. Let u\, ...,u m € J 7 m (^l) and u\, ■■■,u^ n sequences of functions in 
£^(Q) nC(f2) decreasing to u\, ...,u m respectively such that 

sup / H m (u p ) < +00. 
j,P Jo. 

Then for each tp G £f^(Cl) n C(fl) we have 

lim / ipdd c u{A...Add c u 3 m A^ n ' m ^ ( ipdd c ui A ... A dd c u m A f3 n ~ m . 
Proof. II is clear that 

(3.8) sup f dd c u{ A ... A dd c u 3 m A /3"~ m < +00. 

j Jn 

Fix e > small enough and consider (p e = max(y>, — e). The function tp — tp e is 
continuous with compact support in Q. It follows from Theorem 3.14 that 

lim / {ip-ip c )dd c u{A...Add c u j m Al3 n - m = / (tp-ip e )dd c u 1 A...Add c u m A/3 n ~ m . 
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Observe also that \ip e \ < e. By using (3.8), we get the result. □ 
Corollary 3.16. Assume that (uj) C decreases to u such that 

sup / H m (u.j) < +00 
3 Jn 

Then for every h £ £Jj,(f2) we have 

hH m (uj) hH m (u). 
Proof. For every test function \ the function h\ is upper semicontinuous. Thus, 

liminf / (-h)xH m (uj) > / (-h)xH m (u). 

Let O is any cluster point of this the sequence {—h)H m (uj). From the inequality 
above we deduce that 9 > (—h)H m (u). Moreover, it follows from Corollary 3.15 
that the sequence f n (—h)H m (uj) increases to J^(—h)H m (u). This implies that the 
total mass of is less than or equal to the total mass of (—h)H m (u) and hence 
these measures are equal. □ 

The same arguments can be used for the classes > 0. 

Theorem 3.17. Let u 1 ,...,u m S ££(0), p > and (gfij C 8^(0.) be such that 
g* i u l , \fi — 1 , . . . , m and 

supe p (g*) < +00. 

Then the sequence of measures dd c gj A dd c g^ A ... A dd c gj l A /3™~ m converges weakly 
to a positive Radon measure which does not depend on the choice of the sequences 
(<?]). We then define dd c u 1 A ... A dd c u m A (3 n ~ m to be this weak limit. 

Proof. Fix h E 00). Then 

hdd c g) A dd c g) A ... A dd c g™ A t3 n ~ m 
is decreasing. From Lemma 3.8 and Proposition 3.10 we get 

-jc 1 A A jjcm 



sup / (-h)dd c g$ A ... A dd c g™ A f3 T 



3 

Thus the limit lim 3 f Q hdd c gj A dd c g^ A ... A dd c gj l A(3 n ~ m exists for every h € f^(fi). 
This implies the weak convergence of the sequence 

dd c g] A dd c g) A ... A dd c g™ A (3 n - m 

in view of Lemma 3.13. To prove the remaining it suffices to repeat the proof of 
Theorem 3.14. □ 

Corollary 3.18. Let ui,...,u m 6 £^(f2),p > and u\,...,u 3 m sequences of func- 
tions in £^(f2) decreasing to u%, ...,u m respectively such that 

sup / {-u 3 k ) p H m (u J k ) < +00. 
j,k Jn 

Then for each ip G £^(£!) n C(fl) we have 

lim / <pdd c u{A... AddV m A^ m = / tpdd c Ul A ... A dd c u m A /3 n ~ m . 
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Proof. As in the proof of Corollary 3.15, it suffices to prove that 



lim / {-tp t )dd c u{ A ... A dd c u J m A (3 n - m = 0, 
j^ + ooj n 

where ip e = max(</?, — e). The left-hand side term is dominated by 

e 1 ^ [ (~i Pe ) p dd c u{A.../\dd c u 1 m AI3 n - m . 
Jn 

We know that tp e = tp near the boundary of fl. Thus, 

e p (cp e ) = f {-Ve) p H m (ip e ) < eP [ H m (<p). 
Jn Jn 

By applying Lemma 3.8 and Proposition 3.f0, we get the result. □ 

3.3. Integration by parts. From Theorem 3.14 and Corollary 3.15 we prove the 
integration by parts formula for functions in £^(Q), p > and .F m (f2). 

Theorem 3.19. 

/ udd c v AT = / vdd c uAT, 
Jn Jn 
where u, v, ip±, ip p G J- m (fl) and T = dd c ip\ A ... A dd c ip p A p n ^ m ~ 1 . 

Proof. Let Uj, Vj, cp{, .., </^,_i be sequences in f^(f2) fl C(Q) decreasing to 
u, v, ipi, ip m -i respectively such that their total masses are uniformly bounded: 

sup / dd c Vj A Tj < +oo, sup / dd c Uj A Tj < +oo, 
3 Jn j Jn 

where Tj = dd c tp{ A ... Add c Lp 3 m _ 1 A p n - m . Theorem 3.14 gives us that dd c Uj ATj -± 
dd c u A T. For each fixed k S N and any j > k we have 

Vkdd c Uk A Tk > / Vkdd c Uj ATj > j Vjdd c Uj A Tj. 



We then deduce that the sequence of real numbers f n Vjdd c Uj AT decreases to some 
aelU {— oo}. By letting j — > +oo we get 



Vkdd c u AT > a, 

from which we obtain vdd c u AT > a. For each fixed k we also have 
vdd c u AT < / v k dd c u AT = lim / v k dd c Uj A Tj 



< / v k dd c u k AT k . 
Jn 

This implies that vdd c u AT = a, from which the result follows. □ 

We obtain the same result for the classes £|^(f2),p > by using the same argu- 
ments. 

Theorem 3.20. Integration by parts is allowed in £ p ,p > 0. Precisely, assume that 
u, v £ £f n {£l) and T is a closed m-positive current of type T = dd c ipi A ...dd c (p m _i A 
/?"-"% where tpj e £f n {9),Mj, Then 

idd c v AT = / vdd c uAT. 
Jn 
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3.4. Comparison principle. In this section we prove that the comparison prin- 
ciple is valid in £^(0),^ > 0. 

Lemma 3.21. Let E be an open subset of Q and tp G £^(f2), p > 1. Then 
/ flm(^) < Cap m (-E)5T^e p (^)5^. 

J E 

Proof. We can suppose that E is relatively compact in Q. Denote by u = u m ,E,Q, 
the m-extremal function of E in f2. Then u G £^(0) and u = —1 in E. From 
Lemma 3.8 we have 

/ H m (ip) < (-u) p H m {ip) < e p (u)^e p {f)^T¥ 
J e Jn 

r p 

< ( / H m (u)) m+P e p {tp)7^ = Cap m (£J)pfee p (^)5fe. 

□ 

Lemma 3.22. Let E C £1 be an open subset and (p G £^(fi), < p < 1. Tften /or 
eac/i e > small enough we have 

f H m (y) < 2(Cap m (E)) 1 - mt + 2C ap m {E) p ' e p {^) . 

J E 

Proof. Without loss of generality we can assume that E <g O. Let u be the m- 
extremal function of E with respect to Vt. Put a = C&p m (E) = J n H m (u). If a = 0, 
we are done. Thus, we can assume that a > 0. By applying Lemma 3.9 we obtain 

/ H m (<p) < f (-u/aYHmiv) 
Je Jn 

< 2a p£ e p {u/a e ) + 2a pe e p (ip) 

< 2a 1 - me + 2a pe e p (v). 

□ 

Theorem 3.23. Let u, v G £^(0), p > and set A := {u > v}. Then 

^AH m (u) = EA-ffm(max(<it,«)). 

Proof. Let (u^) be a sequence in £„(fi) decreasing to u as in the definition of £^(0). 
From Theorem 2.17 we get 

(3.9) TL Aj H m (uj) = l Aj H m (max(uj,v)), 

where Aj := {uj > v}. Consider ipj := max(w J — v, 0). Then ipj J, ip := max(u- v, 0), 
all of them are quasi-continuous. 

Fix 5 > and set gj :— ^ 3 +s , g = -^jj- By multiplying (3.9) with gj we obtain 

(3.10) gjH m (uj) = gjH m (max(uj, u)). 

Now, let x G Co°(0) be a test function and fix e > 0. There exists an open subset 
U C ft such that Cap m (U) < e, and there exist (fij,<p continuous functions in f2 
which coincide with ipj,tp respectively on K :— Q \ U. The monotone convergence 
ipj 4- ip implies that tpj converges uniformly to ip on K fl Suppx, which in turn 
implies the uniform convergence of hj = ^ 3 +s on K C\ Suppx to h = . 
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In the next arguments, we let C denote a positive constant which does not 
depend on j, e. Since gj, hj are uniformly bounded , Lemma 3.21 and Lemma 3.22 
gives us 

(3.11) / X9jH m (uj)- / xhjH m (uj) <C. H m (uj) < C.e. 

Jn Jn Ju 

We also obtain 
(3.12) 

/ xgH m (u) - [ X hH m (u) < C. [ H m (u) < C.liminf / H m ( Uj ) < C.e. 
Jn Jn Ju j^+oo J v 

Moreover, since h is continuous on and H m (uj) — H m (u), we get 



Hence, we obtain 



lim / x-h(Hm(uj) - H m (u)) = 0. 

.J-S-+QO J n 



lim sup 

j-> + oo 



/ xhjH m {uj)- I xhH m {u) < limsup / x-\ h j ~ h\H m (u 
Jn Jn j^+oD Jn 



Since hj converges uniformly to h on K n suppx, we have 



X-\hj - h\H m (uj) 



X-\hj - h\H m (uj) + / x-\hj - h\H m (uj) 



K 



< C.J H m ( Uj ) + \\hj - h\\ L / X H m(Uj). 

From the two inequalities above we get 



(3.13) 



lim sup 

3 



C.e. 



< C.e. 



limsup / xhjH m {uj)- I x h Hm{i 
j->+oo 1 Jn Jn 

From (3.11), (3.12) and (3.13), we see that 

XgjH^Uj) - / xgH m {u) 
: Jn 

We have shown that gjH m (uj) gH m (u). In the same way, we get 

g j H m (ma,x(u jl v)) g# m (max(u, v)), 
and hence gH m (u) = <7-ff m (max(u, v)). The result follows by letting 5 — > 0. 
Theorem 3.24. Let u, v G £f n (il),p > such that u < v on f2. Then 

H m (u) > / H m (v). 



□ 



Proof. Let (uj), (vj) be two sequences in £® n (fl) decreasing to u, v respectively such 
that h £ £m(£l) H C(il). We can suppose that Uj < Vj, Mj. Integrating by parts we 
get 

r (-h)H m ( Vj )< { (-h)H m { Uj ). 



Corollary 3.18 then yields 



J^°°Jn 



lim / (-h)H m (vj) = I (-h)H m (v), and lim / (-h)H m (uj) = / (-h)H m (u) 



3^°°Jn 
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In consequence, we obtain 

f {-h)H m (v) < [ (-h)H m {u). 
Jn Jn 

The result follows by letting h decrease to — 1. □ 

Theorem 3.25. If u G £f n (£l) then e p (u) := J n (-u) p H m (u) < +oc. If (u))j,i = 
0,...,mc£j}i(fi),u5 4. then 

[ {-u°)dd c u) A...Add c ufAf3 n - m / f (—u)dd c v} A ... A dd c u m A /3™ _m . 

Jn 

Proof. It follows from Theorem 3.17 that 

Tj := dd c u) A ... A dd c u™ A /3™"' m T := dd c u l A ... A dd c u rn A /3 n ~ m . 
Furthermore since (— iq) t" (— u ) all of them are lower semicontinuous, we have 

liminf / (-it?)T,- > / {-u°)T. 
1 Jn Jn 

Thus, it suffices to prove that 

(-u°m< f (- u °)T,\jj. 



Let h £ £^j(f2)nC(f2) such that u° < h. By integrating by parts and using Corollary 
3.18 the sequence (J n {—h)Tj)j increases to f Q (—h)T from which the result follows. 

□ 

Theorem 3.26. If p > and u,v G i/ien 

/ flm(«) < / 
{?i>^} «/ {u>v} 

Proof. Fix h d £q nC(f2). The measure H m (v) does not charge m-polar sets. As in 
the proof of Proposition 3.12 we can easily show that for almost every r, 

f {-h)H m (v)=0 

J v—ru 

This allows us to restrict ourself to the case J u=v (—h)II m (v) = 0. From Theorem 
3.23, we get 

H m {u) = l{ u>v yH m (ma,x(u,v)), and l{ u<v }H m (v) = ^{ u<v yH m (max(u, v)). 
Furthermore, as in the proof of Theorem 3.24, we can prove that 



(-h)H m (ma,x(u,v)) < / {-h)H m (u). 
ju Jn 

From this we get 

(-h)H m (u) = / (~h)H m (ma,x(u,v)) 

{u>v} J {u>v} 

< / (— h)H m (max(u, v)) + / hH m (max(u, v)) 
Jn J{u<v] 

< [ (-h)H m (v) + [ hH m {v) = [ (-h)H m (v). 
Jn J {u<v} J {u>v} 

Letting h \. — 1 we obtain the result. □ 

20 



Remark 3.27. We have proven above that 

f (-h)H m (v) < f (-h)H m (u) 

J {u>v} J {u>v} 

if u, v € £^(f2),p > and h £ HC(fi). Thanks to the regularisation theorem 

(Theorem 3.1) it also holds for every h 6 SH m (fl). 

Theorem 3.28. Let u,v E fp > OJ Siic/l #roC") > #m(«)- Then u < v 

in tt. 

Proof. By contradiction assume that there exists zq £ such that v(zq) < u(zq). 
Let h be an exhaustion function of f2 and choose i? > such that \z — z \ < R,Vz e 
H,. Fix e > small enough such that h(z ) < —eR 2 . The exhaustion function 

P(z) := max.{h(z), e(\z - z \ 2 - R 2 )}. 

is continuous in 17 and verifies H m (P) > e m (3 n , near Zo. Take r\ > small enough 
such that u(zq) < u(zo) + r]P(z ). The Lebesgue measure of the set T := {z £ 
I v(z) < u(z) + r)P(z)} (~1 B(zq, S) is positive for every 5 > 0. This implies that 

J^H m (P)>0. 

Thus, Theorem 3.26 gives us 

f H m {u + r,P) < [ H m (v). 

JT JT 

Moreover, 

/ H m (u + r)P) > f H m (u) + T] m f H m (P), 

JT JT JT 

and H m {v) is, by hypothesis, less than H m (u). We thus get a contradiction: 

/ H m (P) = 0. 

JT 

□ 

4. The variational approach 
In this section we use a variational method to solve the equation 

H m (u) = pb, 

where [i is a positive Radon measure. We characterize the range of H m (u) when u 
runs in £^(fi). 

The idea of this approach is to minimize the energy functional on a compact 
subsets of m-subharmonic functions. We then show that this minimum point is 
the wanted solution. Our results are direct generalizations of the classical case of 
plurisubharmonic functions (see [1], [5, 6]). Note also that the variational approach 
for the complex Monge- Ampere equation was first introduced in [4]. 
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4.1. The energy functional. We recall some useful results obtained from previous 
sections. 

• If > Uj 1 u and u G £^,(0), then by Theorem 3.25, we have e\{uj) t ei(it). 

• If u,v G an( i u — v then e\{u) > ei(w). 

Lemma 4.1. (%) // (uj) C £^(f2) ifeen (supj Uj)* G £^(0). 

// (uj) G fm(^) swc/i i/ia£ supj e\(uj) < +oo and Uj -I u, then u G £^(f2). 
(m,) For eac/i C > 0, the set := {u G £m(^) / e\(u) < C} is a convex 
compact subset of SH m (fl). 

Proof, (i) Let (<pj) be a sequence of continuous functions in £^(0) decreasing to 
93 := (sup. Uj)*. Since Uj < (pj, we have sup^- ei(ipj) < +oo, which implies that 
V G 

(ii) Let (yij) be a sequence in f^ l (f2)nC(f2) decreasing to u. Set ^ := maxfjij, <^j). 
Then ipj G £^(ft),yj and ei(^) < e^u,). Thus, u G £^(0). 

(hi) Let (itj) be a sequence in £^ . Since sup^ e\{uj) < +oc, (uj) can not tend 
uniformly to — oo in Q. Thus, there exists a subsequence (still denoted by (v,j)) 
converging to u G SH m (Cl) in 1^(0). Set 

<Pj ■= (Bupt* fc )* e^(n),vj. 
fe>j 

Then <pj I u and sup^- ei(<pj) < C. In view of (ii), we have u G £^(f2), and since 
(— ifj) t (~u), all of them being lower semicontinuous we get 



(-u)H m (u) < liminf / (-cpj)H m (ipj) < C. 
n 3 J si 

This means u G £^j C . □ 

Lemma 4.2. Lei fi be a positive Radon measure in f2 swc/i i/iai /i(f2) < +oo and /z 
does no£ charge m-polar sets. Let (uj) be a sequence in (fi) which converges 

in L\ oc to u G SH m (fl). If supj f n (—Uj) 2 d[j, < +oo then J n Ujdfj, — > J n ud/i. 

Proof. Since u^d/x is bounded it suffices to prove that every cluster point is 
Jo wd/i. Without loss of generality we can assume that Ujd/j, converges. The 
sequence Uj being bounded in L 2 (/x), the Banach-Saks allows us to extract a sub- 
sequence (still denoted by Uj) such that 

1 N 

3=1 

converges in F 2 (/i) and /i-almost everywhere to tp. Observe also that ip^ — > u in 
L\ oc . For each j G N set 

ipj := (sup^fc)*. 

k>j 

Then^ij J, u in tt. But /i does not charge the m-polar set 

{(supv? fe )* > supipk}. 
k>j k>j 

We thus get ipj = sup fe>:) - ipk /i-almost everywhere. Therefore, ipj converges to <p 
/^-almost everywhere hence u = (p /i-almost everywhere. This yields 



lim / Ujdp, — lim / pjdpL — I ud[i. 
i J si i J si J si 
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□ 

Lemma 4.3. The functional e\ : £^(£1) — > R is lower semicontinuous. 

Proof. Suppose that u, Uj G £m(^) an d u j converges to u in L 1 1 oc (il). We are to 
prove that liminfj ei(uj) > e\(u). For each j G N, the function 

y>j := (supu fc )* 

fc>j 

belongs to £^(0) and i/Jj J, u. Hence ei((fj) t ei(tt). Moreover, ei(itf) > ei(^) 
from which the result follows. □ 

Definition 4.4. A positive Radon measure /i belongs to A4i if there exists A > 
such that 

Jn 

The functional : — > R is defined by 

7"u(ti) = — tt / (-u)H m (u) + [ ud\i. 
m + lJ Q J n 

Lemma 4.5. Ifu,v G £m{&) ihen 

ei(u + w)^tt < ei(-u)^Ti + ei(w)^Ti . 

Furthermore, J-^ is convex t//j£Mi. In this case, J-^ is proper, i.e J-p,{uj) — > +oo 
if e\{uj) — > +oo. 

Proof. It follows from Lemma 3.8 that 

e^M + u) < ei(u)'^ T ei(u + v)~^ + e 1 (v)'^ T ei(u + v) 7 ^ 1 
i 

which implies that e 1 m+1 is convex, so is e\. From the definition of A4±, there exists 
A > such that 

IMIli^) < Aaiu)^ , for every u G • 

We thus obtain 

'ft* I L / L j L 

□ 

Let u : fi — > M U {— oo} be an upper semicontinuous function. Suppose that there 
exists w G £rn{®) sucrl that w < u. we define the projection of u on by 

P(u) := sup{« G £^(n) /v<u}. 

Lemma 4.6. Lei u,v € f^(f2) and suppose that v is continuous. For each t < 0, 
</ie function P(u + tv) belongs to £^(^1), and for each s < 0, 

|P(u + to) - P(u + sv)\ <\t- s\(-v) . 

Proof. Fix t < 0. The function P(u + to) is upper semicontinuous. It is clear that 
u < P(u + tv) < u + tv, which implies that P(u + tv) G £^,(fi). For every s < t we 
have 

P(u + tv) < P(u + sv) , and P(u + sv) + (t — s)v < P(u + to). 
Hence, \P(u + tv) -P(u + sv)\ < \t-s\(-v). □ 
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Lemma 4.7. Let u : Q, — > M 6e a continuous function. Suppose that there exists 
w £ £^(fi) smc/i t/iat w < u. Then 

(4.1) / H m (P{u)) = 0. 

•/{P(u)<«} 

Proof. Without loss of generality we can assume that w is bounded. From Cho- 
quet's lemma, there exists an increasing sequence (uj) C £„(ft) ^ L°°(S1) such 
that 

(limu/)* = P(u). 

j 

Let Xq £ {P(u) < u}. Since u is continuous, there exists e > 0, r > such that 

P(u)(x) < u(xq) — e < u(x), \/x £ B — B(xq, r). 

For each fixed j, by approximating Uj\dB from above by a sequence of continuous 
functions on dB and by using [7, Theorem 2.10], we can find a function ipj £ 
ST-Lm(B) such that ipj = Uj on dB and H m (ipj) = in B. The comparison principle 
gives us cpj > Uj in £?. The function ipj, defined by ipj = cpj in B and ^ = Uj 
in ft \ B, belongs to £„(ft) n L°°(f2). For each a; G dB we have </?j(x) = Uj(x) < 
P(u)(x) < u(xq) — e. We thus deduce that ipj < u(xq) — e in B since u(xq) — e is a 
constant and ^ is m-sh. Hence, Uj < ipj < u infi. This implies 

(limtpj)* =P(u). 

It follows from Theorem 2.15 that H m (ipj) — Y H m (P{u)). Therefore, 

H m (P(u))(B) < liminf H m {^){B) = 0, 

from which the result follows. □ 

Lemma 4.8. Lei u,v £ £^(f2) and suppose that v is continuous. For each t < 0, 
we define 

P(u + tv) — tv — u 
h t = . 

Then for each < k < m, 

(4.2) lim / h t (dd c u) k A (dd c P(u + tv)) m ~ k A f3 n - m = . 
In particular, 

(4.3) lim / P ( u + tv ) ~ u Ud c u) k A (dd c P{u + tv)) m - k A [3 n - m = [ vH m (u) . 

Proof. An easy computation shows that h t is decreasing in t and Q < ht < —v. For 
each fixed s < we have 

lim / h t (dd c u) k A (dd c P(u + tv)) m - k A f3 n ~ m 

ts»0 J n 



< lim / h s (dd c uV A (dd c P(u + tv)) m ~ k A /3"~ m 

h s (dd c u) m A (3 n - m < J (-v)(dd c u) m A (3 

{P(u-\-sv)—sv<.u} 
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Let Uk € H C(fi) be a sequence decreasing to u such that 

(--u)(dd c u) m A P n - m < 2 y (-u)(dd c u) m A P" 

{P(u+sv)—sv<u} {P(ui ( .-\-sv) — sv<u} 

Taking into account Remark 3.27 and Lemma 4.7 we can conclude that 

{-v){dd c u) m A I3 n -' m 

{P(uk -\-sv) — sv<.u} 
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< J (-v)(dd c (P(u k + S v)~ S v)) m A(3 n - m 

{P(uk+sv)—sv<u k } 

< -sM , as s -4 0. 

Here, M stands for a positive constant which depends only on m, ||u||, and 
J n v(dd c (n + v)) m A /3"- m . Equality (4.3) follows from equality (4.2). The proof is 
thus complete. □ 

Lemma 4.9. Let u,v € £^(0), and assume that v is continuous. The function 

g(t) = ei{P(u + tv)), t G K 

is differentiable at and 

g '(0) = (m+l) / (-«)fl„,(u). 
Proof. If f > 0, P(u + iw) = u + tv. It is easy to see that 

g '(0+) = (m + l) / (-v).ff m (u). 
To compute the left-derivative observe that 

if/ {-P{u + tv))(dd c P(u + tv)) m A [3 n ~ m - [ (~u)(dd c u) m A f3 n - m ) 

= V / - ~ P(M + fa) (dd c M ) fc A {dd c P(u + fa)) m - fc A P n ~ m . 

It suffices to apply Lemma 4.8. □ 

4.2. Resolution. In this section we use the variational formula established from 
above to solve the equation H m (u) — fi in Cegrell's classes, where /i is a positive 
Radon measure. The following Lemma is important for the sequel. 

Lemma 4.10. Let /i be a positive Radon measure such that /i(f2) < +oo. Suppose 
that there exists A > such that 

(4.4) / {-(p) 2 dfi < Aei(ip)^ for every tp e 



Then fj, € .Mi. Moreover, if {vj} C £^(f2) is a sequence such that supj ei(Uj) < 
+oo, t/ien we can extract a subsequence {vj k } such that 



Vj k d\x — S- / ud/i. 
Jo 

Finally there exists a unique function u £ £} n {Vl) such that H m (u) = fi. 
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Proof. Fix ip G £^(f2). From (4.4) we can find a constant A > such that 

1/2 

J^-cp)d[i<(J^-<p) 2 d[i) /i(ft) 1 / 2 < i4 1 / 2 e 1 (^)5*iA*(n) 1/a 

= C*ei(v3)^rr < +oo , 

which implies that fi G Mi. 

Suppose now that {vj} C £„($!) satisfies sup^ ei(«j) = C < +oo. The compact- 
ness of £^i c (Lemma 4.1) allows us to extract a subsequence (still denoted by (vj)) 
converging in the sense of distributions to v € £^(0). The inequality (4.4) gives us 



sup / (—Vj) dfi < +oo. 
j Jn 

By Lemma 4.2 we see that J n Vj dfi -> J fi o dfi. 

We now prove the last statement. Let (uj) C £m(fy be such that 
limJ r „(?i,) = inf J~n(v) < 0. 

From the properness of the functional (Lemma 4.5), we obtain sup 3 e\(uj) < 
+oo. It follows from the fist part of the proof that there exists a subsequence (still 
denoted by (uj)) such that Uj converges to u in L\ oc (£l) and J Q Ujdfi — > f n udfi. 
From Lemma 4.3 we see that e\ is lower semicontinuous. Thus, 

lim inf Tn ,(uj ■) = liminf ei(uj) + lim / ujdfi > e%(u) — ||u||i = ^(u) . 

j-i-oo J-Kx> j-^oo J n 

We then deduce that it is a minimum point of on £} n {Vl). 

Now, let v € £° n (n)nC(n). The function g(t) := 1 ±- [ ei(P{u + tv)) + J Q (u+tv)dfi 
is differentiable and 

g'(0) = - / vH m (u)+ / vdfi. 
Jn Jn 

Since P(u + tv) < u + tv, we have g(t) > J 7 fl (e 1 {P(u + tv)) > J>(u) = g(0), Vt G M. 
Hence g'(0) = which gives 



vH m (u) = / vdfi. 
Jn 

□ 

Theorem 4.11. If fi G .Mi £/ien i/iere exists a unique u G £^(f2) sttc/i that 
H m (u) = fi. 

Proof. The uniqueness follows from the comparison principle. 

We prove the existence. Suppose first that fi has compact support K <s fi, and 
let ha '■= h* m K n denote the m-extremal function of K with respect to fi. Set 

M = ji/ > / suppz^ C if, y (-ipfdv < Cei(^)^TT for every </? G S^(0)| , 
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where C is a fixed constant such that C > 2e\{hfc) "+ 1 . For each compact L C A , 
we have hx < h^. We deduce that ci(/il) < ei(/i/f). Therefore, 



(-(p)*H m (h L ) < 2\\h L \\ I (-<p)(dd c <p) A (dcf Z^)™" 1 A w n - v: 



< 2 (J (-<p)H m (<p)) m+1 (f (-h L )H m (h L )j 



< C ei (tp) — , 

for every </? E £^(f2). This implies that H m (hL,) E -M for every compact L C K. 

Put T = sup-{V(£l) / v S We claim that T < +00. In fact, since O is 

TO-hyperconvex, there exists h E SH m (£l) R C(f2) such that 

A' <E {/l< -1} <E 0. 

For each ^GjM.we have 



K-*0 < / {-h)dv < C.ei(h) — . 

JK 

from which the claim follows. 

Fix u E M. such that i/q(Q) > 0. Define 



X' = |i/ > / i/(0) = 1, supp^ C A, 

{-ipfdv < + ^S^y) eiCv) 5 * 1 for every p E 



Then, for each v £ .M and i/3 E £^($7), 



7V (O) Tvb(fi) Jn T Jn 

( c c\ . 



From this we infer that 



E M', for every v £ M 



Tv Q (9) 

We conclude that M! is (non empty) convex and weakly compact in the space of 
probability measures. It follows from a generalized Radon-Nykodim Theorem [25] 
that there exists a positive measure v E M! and a positive function / £ L x (y) such 
that /i = / dv + v Sl where v s is orthogonal to M! . Observe also that every measures 
orthogonal to M' is supported in some m-polar set since H m (hL) E M for each 
L <g A. We then deduce that v s = since // does not charge m-polar sets. 

From Lemma 4.10, for each A E M.', there exists a unique function u E £„(0) 
such that (dd c u) n — A. For each j E N set ^ = min(/, j')z/. Then /Zj satisfies (4.4) 
since fij < j.v. Therefore, there exists Uj E £} n {Q) such that H m (uj) = fij. It is 
clear that {%} decrease to a function u E ^(Tl) which verifies H m (u) = /i. 
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It remains to treat the case when (i does not have compact support. Let {Kj} be 
an exhaustion sequence of compact subset of fl and consider /ij = XKjdy. Observe 
also that (uj) decrease to u G (0). It suffices to prove that sup^ e.\(uj) < +00. 
Since \x £ M.\, we have 

e i( u j) = / (- u j)H m (uj) = / (-Uj)dfi< / (-Uj)dp, < Aex{uj)^+^, 
Jn JKj Jn 

This implies that ei(uj) is uniformly bounded, from which the result follows. □ 

Lemma 4.12. Let fi be a positive Radon measure having finite mass < +00. 
Assume that fj, < H m (ip), where ip is a a bounded m-sh function in Q. Then there 
exists a unique function ip G J-^(f2) such that fi = H m (tp). 

Proof. Without loss of generality, we can assume that — 1 < ip < 0. Consider 
hj = max(-0, jh), where h £ £^(fi) is an exhaustion function of Q. Let Aj :— 
{z e O / jh < -1}. From Theorem 4.11, there exists (<pj)j C £m(£l) such that 
H m (<Pj) = IajA 4 ! ^3- Thus, 

> if j > hj > ip, and tpj 1 V € J^(fi). 

□ 

Now we prove a decomposition theorem of type Cegrell. 

Theorem 4.13. Let [i be a positive measure in f2 which does not charge m-polar 
sets. Then there exists ip £ £m(Q) and < / £ L\ oc (H m (p)) such that /1 = 
f.H m (tp). 

Proof. We first assume that /1 has compact support. By applying Theorem 4.11 
we can find u £ and < / £ L 1 (iif m (u)) such that \i = f.H m (u), and 

supp(.H m (tt)) (s fl. Consider 

ip^i-u)- 1 £SH m (n)r\L™ c {n). 

Then (—u)~ 2m H m (u) < H m (ip). Since H m (u) has compact support in Q, we can 
modify ip in a neighborhood of dfl such that ip £ £^(f2). It follows from Lemma 
4.12 that 

(-u)- 2m H m (u) = H m (cp), ip £ £° (fi). 

This gives us fi = f(—u) 2m .H m (<p). 

It remains to consider the case y, does not have compact support. Let (Kj) be 
an exhaustive sequence of compact subsets of 12. From previous arguments there 
exists Uj £ and fj £ such that S^./u = fjH m (uj). Take a 

sequence of positive numbers (aj) verifying ip := ^jLi a j u j G ^m(^)- The measure 

is absolutely continuous with respect to H m (ip). Thus, 

fi = gH m {ip>) et .g G L\ oc (H m (ip)). 

□ 

Proposition 4.14. Let y be a positive Radon measure on 17 and p > 0. TVien 
£^(f2) C L p (y) if and only if there exists a positive constant C > suc/i t/iat 

/ (-ufd/j < Ce p (u)^, Vu £ (fi). 
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Proof. One implication is evident. For the other, suppose that /j, satisfies £ p n ip) C 
L p (/i) and there exists a sequence (iij) C £? n (Q) such that 

/ (-Uj) p dn > A jp e p (uj)^. 
Jn 

For simplicity we can assume that e p (v,j) = l,Vj. By Corollary 3.11, v = 
J2T=i 2 ~ jy j belongs to But 

f (-vfdfi > [ (-2- j V:i) p dp > 2 1P -> +00, 
Jn Jn 

which contradicts L p (^). □ 

Remark 4.15. If u, v G £^(0) and (uj), (vj) C decrease to u, v respectively, 

then by Lemma 3.8 and Proposition 3.10 we have 

/ (-u) p H m (v) < liminf / (-u 3 ) p H m (vj) < +00. 
Jo i Jn 

Thus, C LP (H m (v)) and by Proposition 4.14 there exists C v > such that 

f (-u) p H m (v) < C v e p (u)^, Vu G C(O). 
Jn 

It is not clear how to obtain this inequality directly by using Holder inequality. 

Theorem 4.16. Let fi be a positive Radon measure on £1 such that £f n (£l) C 
L p (fi),p > 0. Then there exists a unique tp G £f n {^l) such that H m (ip) = /!. 

Proof. The uniqueness follows from the comparison principle. Let us prove the 
existence result. Since /1 does not charge m-polar sets, applying the decomposition 
theorem (Theorem 4.13) we get 

,1 = fH m (u), u G £° (fi), < / G L\ oc {H m {u)). 

For each j, use Lemma 4.12 to find tpj G such that 

LL m ((pj) = mm(f,j)H m (u). 

By Proposition 4.14, sup^- e p (<pj) < +00. Thus, the comparison principle gives us 
that ifj J, <p G ^m(^) which solves H m (ip) = /x. □ 

Theorem 4.17. Le£ fi be a positive Radon measure on f2 wii/i finite total mass 
fi(Q) < +00. Lf \i does not charge m-polar sets then there exists a unique ip G J- m (Q) 
such that H m (tp) = [i. 

Proof. We first prove the existence result. Since fj, does not charge m-polar sets the 
decomposition theorem yields 

H = fLL m (u), u G £° (fi), < / G L{ oc (H m (u)). 

For each j use Lemma 4.12 to find y>j G £^(f2) sucn that 

Hm{<Pj) = min(/, j)H m (u). 

Besides, sup^ f n H m (ipj) < /«(fi) < +00. Thus, p 3 ' j p S J-„i(fi) in view of the 
comparison principle. The limit function ip solves LL m (ip) — fi as required. 

To prove the uniqueness we follow the lines in [6, Lemma 5.14]. Assume that 
tp G J-" m (fi) solves H m {ip) — \i. We are to prove that ip = ip. Let (Kj) be an 
exhaustive sequence of compact subsets of fi such that hj = h m ,Kj,n is continuous. 
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For each j, the function ipj := max(ip,j.hj) belongs to £^(f2), and ipj i if). Set 
dj := -p — hj — max(| — hj, 0). Then dj < I{^>j./i^} and 1 — dj 4- 0. For s > j, by 
the comparison principle we get 

< djH m (max(ip,s.hj)) < %^ >j , h .yH rn (max.(ip,s.hj)) 

= ^-{i»j.hj}H m (max(ip,j.hj)) 
= H m (ma,x(ip,s.hj)). 
Letting s tend to +oo and using Corollary 3.16 we get 

(4.5) dj.H m (ip) < l { ^ >jM . } H m (max(rp, j.hj)) < H m (ip). 
Recall that from the first part we have 

n = fH m (u), u e £° (n), < / e L\ oc (H m {u)). 

and H m (ip p ) = min(/, p)H m (u) for eachp S N. For eachp, j we can find Vj £ £,n(^) 
such that 

H m {v P j) = (1 - dj)H m (ip p ). 

Using (4.5) we get 

(4.6) H m (cp p ) = dj.H m ((p p ) + (1 - dj)H m ((p p ) 

< djH m (ip) + (1 - dj)H m {cp p ) 

< ^{^>jh 3 }H m {^ 3 ) + H m (v?) 

< H m (il>j) + H m ($). 

This couped with the comparison principle yield <p p > + V'j- Letting p — > +oo 
we obtain 9? > «j + ^j, where G J r m (r2) solves H m (vj) = (1 — dj)H m (ip). Since 
H m (ip) does not charge m-polar sets, by monotone convergence theorem the total 
mass of H m (vj) goes to as j —> +oo. This implies that Vj increases to and hence 
ip > ip. 

Now, we prove that (p < if). Let ipj,tj G £^(17) such that H m (wj) = djH m (ipj) 
and H m (tj) = (1 — dj)H m (ipj). Since H m ((p p ) increases to H m {ip), the comparison 
principle can be applied for </? and Wj which implies that uij > (p. But, applying 
again the comparison principle for tj + Wj and ipj we get tj + Wj < ipj. Furthermore, 
the total mass of H m (tj) can be estimated as follows 

/ H m (tj) = / H m (ipj) - / djH m {ipj) 
Jn Jn Jn 

< J H m (iP)- f d 2 jH m (iP) 
< 



<> 



(1 - dj)H m (iP) -»■ 0. 

This implies that i., converges in m-capacity to 0. Indeed, for every e > and 
m-subharmonic function — 1 < 8 < 0, by the comparison principle we have 

e m I H m {6) < ( H m (e9) 

J{tj<-e.} J{tj<-t8} 

< [ H m (tj) < [ H m (tj)^0. 

•){tj<~<i8} Jn 

Thus, we can deduce that tp < if) which implies the equality. □ 
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Remark 4.18. We prove in the above uniqueness theorem that every ip G ,F^(f2) 
(functions in J- m (SY) whose Hessian measure does not charge m-polar sets) can be 
approximated from above by sequence tpj G £^(fi) such that H m (ipj) increases to 
H m (ip). This type of convergence is strong enough to prove the comparison principle 
for the class 7^(0). 

Theorem 4.19. The comparison principle is valid for functions in J-^ n (fl). 

Proposition 4.20. Let u, v G £^(0,), p > 0. There exist two sequences [uj), (vj) C 
£^(f2) decreasing to u,v respectively such that 

lim f (- Uj YH m ( Vj ) = / (-u) p H m (v). 

In particular, if ip G £^(£7) i/ien i/iere exists ((pj) C £^(fi) decreasing to ip such 
that 

Proof. Let (uj) be a sequence in £^(fi) decreasing to it such that 
supj ^{—Uj) p H m {uj) < +oo. Since H m (v) vanishes on m-polar sets Theorem 4.13 
gives 

H m (v) = fH m {il>), V e £° (n), < / G L\ oc {H m {^)). 
For each j, use Lemma 4.12 to find Uj G such that 

H m (vj) = mm(f,j)H m (ip). 

By the comparison principle v 3 ■ i (/? G which solves H m (ip) — H m (v). It 

implies that ip = v. We the have 

/ (- w ) p tf m (t;) =lim / (-u J -)»min(/,j)^mW=Iim / (-^) p i/ m (^). 
Jn J Jn J Jn 

□ 

4.3. Examples. 

Lemma 4.21. If (p G p > t/ien 

Cap m (>p < -t) < C.e p (<?).— j^, 
where C > is a constant depending only on m. 

Proof. Without loss of generality we can assume that ip G £^(f2). Fix u G 7- ) ~(f2) 
such that —1 < u < 0. Observe that, for any < > 0, 

(99 < -2i) C (99 < tit - i) C (v? < -t). 

By the comparison principle (Corollary 2.18) we have 

/ H m (u) < / H m (tu - t) < -L / ff m ( v ) 

Jip<-2t 1 J \p<tu—t 1 Jip<tu-t 

□ 
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Proposition 4.22. Let p = fdV, where < / £ L p (Sl,dV), % > p > 1. Then 

p = ff m ( V ), p G J* (SI), Vq < nm(P ~ 1} . 

n — mp 

Proof. Fix < r < " . By Holder's inequality, Proposition 2.1 in [7], there exists 
C > depending only on p, r J n f p dV such that 

(4.7) n(K) < CVoliK) 1 ^ 1 < C.Cap^K) 1 ^ . 

Take < q < n ™[ p ~p ] and u £ £ q m {Si). By Theorem 4.16 it suffices to show that 
u G L q (fi) which is, in turn, equivalent to showing that 

(i(u < -t 1/q )dt < +oo. 

The latter follows easily from (4.7) and Lemma , which completes the proof. □ 

The exponent q(p) — is sharp in view of the following example. 

Example 4.23. Consider ip a = 1 — ||z||~ 2q , where a is a constant in (0, n ~ m ). An 
easy computation shows that ip a G J r m (Sl) and 

H rn (ip a ) - C.\\z\r 2m[a+1) dV = f a dV. 

Then 

ri — 771 

ip a G J^(fi) <=^> g < m, 

a 

while 

77 

/ a G L p (Sl,dV) ^p< 



m(a + 1) 
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